We discuss an extension of a map between between BPS states and free fermions. The extension involves states associated with a full two matrix problem which are constructed using a sequence of integral equations. A two parameter set of matrix model eigenstates is then related to states in SUGRA. Their wavefunctions are characterized by nontrivial dependence on the radial coordinate of AdS and of the Sphere respectively. A kernel defining a one to one map between these states is then constructed.
Introduction
Studies [1] [2] [3] [4] [5] [6] [7] [8] of giant gravitons in AdS Supergravity (and dual N=4 SYM theory) have lead to a simple (matrix model) picture for 1/2 BPS states. In particular a free fermion model [8, 9, 10] of harmonic oscillators was identified and shown to simulate fully the dynamics of 1/2 BPS states and their interactions. In [10] (referred to as LLM) a classical Ansatz for AdS (bubbling) configurations was constructed whose energy and flux were demonstrated to be in a one to one correspondence with those of a general fermionic droplet configuration. Further, relevant studies of this free fermion map have recently been done .
It is clear that it would be desirable to extend the map to more general states and go beyond the simple case of free fermions. This would require an investigation (and solution) of more complex two (or multi) matrix models, a formidable task. In the present work we present a step in this direction. We will attempt to extend the correspondence from the fermionic family of states (representing a single diagonal matrix) to a more general set associated with states of a two matrix quantum mechanics. As was already seen in [8] which concerned itself with the case of 1/2 BPS states one can start with a system of two matrices, or a complex matrix and perform a truncation to a single hermitean matrix (in the manner analogous to a similar phenomena in the quantum Hall effect). The reduction was explained in [8] to be the Hilbert space equivalent of a holomorphic projection where the set of observables are given by traces of the complex matrix Z only. The introduction of mixed traces, involving the second (conjugate) matrix immediately leads to a nontrivial dynamical problem whose eigenstates were never constructed.
We will first adress this problem of constructing invariant eigenstates of the two matrix quantum system. For this we develop in some detail a hybrid formalism, treating one of the matrices fully in the standard collective field theory manner, while the other is treated in the coherent state representation. This second matrix behaves then as an 'impurity'. The corresponding collective field theory of combined, mixed traces is then worked out and is shown to lead to a sequence of eigenvalue equations. These equations are seen to generalize an eigenvalue equation first found in [34] describing angular degrees of fredom . The sequence of eigenvalue equations can be solved for the present case of the oscillator potential. It provides a two parameter set of energy (dilatation operator) eigenvalues and a corresponding 2 dimensional space of eigenfunctions.
The central issue then becomes that of providing a correspondence between the eigenstates of the matrix model and states and eigenvalues in Supergravity. Here we work in a linearized approximation specifying a class of fluctuations with matching quantum numbers. The wavefunctions, in the AdS x S background are nontrivial, being given by hypergeometric functions or corresponding special functions. Nevertheless, we describe a 1 −1 map between a two dimensional subset and the two dimensional set of wavefunctions given by the matrix model. This map involves a transformation introduced originaly in the context of the 2d Black hole and the corresponding matrix model [35] . This transform, appropriately interpreted, then provides a one to one map between the gravity and matrix model wavefunctions. We emphasize that being one to one this map is different from the well known holographic projection. It is expected that further studies of the map will be of relevance for reconstructing AdS quantum mechanics.
The outline of the paper is as follows. In Sect.2 we give a review of the simple matrix model and of the fermion map. In Sect.3 we adress the two matrix problem describing its collective field formulation. We derive a sequence of eigenvalue equations and solve for eigenvalues and eigenfunctions. In Sect.4 we consider the wavefunctions of the AdSxS SUGRA and specify the transform to the matrix model eigenstates. Several Appendices contain further details.
Review
We begin by reviewing and clarifying the existing map between the 1 2 BPS SUGRA configurations and the states of the harmonic oscillator matrix model.
The matrix model degrees of freedom originate from a reduction of N = 4 Super Yang-Mills theory on R × S 3 . The hamiltonian is therefore the dilatation operator and the Higgs fields become quantum mechanical matrix coordinates Φ a (t), a = 1 . . . 6. For the study performed in the present paper one can concentrate on the dynamics of two matrices
The commutator interaction did not play a role in the 1 2 BPS correspondence and in what follows we will mainly concern ourselves with the simple quadratic harmonic oscillator model of two matrices
The symmetries of this reduced theory are given by the U (1) charge
and an SL (2, R) symmetry algebra (allternatively SU (2)). One has the complex matrices
and the conjugates
Restriction to 1 2 BPS configurations corresponds in the matrix model to considering a subset of correlators involving only the chiral primary operators of the general form TrZ
For the corresponding reduction in Hilbert space one proceeds as follows(see [8, 9] ). It is useful to introduce the operators
After dividing the wavefunction by the Vandermonde determinant we have that
Where χ l 1 ,l 2 ,...,l N denotes the character of a representation of SU (N) that corresponds to a Young tableaux with l 1 boxes in the first row, l 2 boxes in the second one etc. Of special interest is the sequence of states corresponding to representations that contains 1 row of l boxes
and another sequence that corresponds to a representation that contains 1 column of l boxes
In the fermionic picture [36] the first set of states represents particles and the second holes. These were explained in [8, 6, 9 ] to corresponds to a giant gravitons in AdS and to a giant gravitons on the sphere respectively. In terms of the moments
one obtains Schur polynomials representing these states
They are exact eigenstates of a cubic collective field theory representing the bosonized version of 1d fermions. In terms of a two dimensional density field ρ (x, y, t) the hamiltonian is simply
Together with the non-trivial symplectic form
one has a topological 2 + 1 dimensional scalar field theory [37] which can be reduced to a 1 + 1 dimensional collective field theory describing the dynamics of the boundary (of the droplet) y ± (x, t) by
One can parametrize the boundary in terms of radial coordinates, in which the Lagrangian becomes quadratic. This is a simple manifestation of the integrability of this theory. This goes as follows: Consider a closed curve r (s, t) in R 2 with parameter s which in our case describes the boundary of the fermi sea in the phase space. In general the equation of motion can be written in the form
with A ( r) defining the model that we are studying. For the case of free fermions in an oscillator potential one has
If we parametrize the curve as
we recover
If instead one uses polar coordinates to parametrize the boundary
and in this case we have
It is instructive to derive the above linear equation of motion from the nonlinear one by using the field dependent coordinate tranasformation.It is simply given by
These are then the action-angle coordinates for the dynamics of the boundary.
In their work Lin, Lunin and Maldacena [10] have identified a nonlinear Ansatz for 10 d Sugra which exactly reduces to the above, bosonic hamiltonian of 1d fermions . To summarize the main features of the Ansatz, one has first the 10 dimensional metric
and a corresponding Ansatz for the the gauge fields. The only unknown function z is shown to obey the Laplace equation:
which is solved as a boundary value problem :
Remarkably,the flux and the energy of this general configuration were shown by LLM to take the form of the bosonized free fermion droplet
It should be stressed that even though these expressions look two dimensional, effectively this is still only a 1 dimensional correspondence (it is described explicitely by the 1+1 dimensional bosonis scalar field theory). In addition to the formulas for the flux and the energy one also needs the symplectic form (which should coincide with the symplectic form established by Iso,Karabali and Sakita [37] for the 2d fermion droplet. Another, simple way to see the one dimensionality is by an analysis of linearized fluctuations (we give this in Appendix A). One has
in agreement with the well known quadratic action for chiral primaries in AdS:
It is supersymmetry which requires that (∂ t − ∂ φ ) σ = 0 which for the 0 + 1 dimensional variables means that the "angular momentum" is equal to the energy. Choosing an opposite chirality for the fermions we would have had the condition (∂ t + ∂ φ ) σ = 0 which would flip the sign in the relation between energy and "angular momentum".
Matrix Model Eigenproblem
We have seen in the discussion that the treatment of 1/2 BPS states corresponds to a reduction, namely to one matrix quantum mechanics given by the canonical set A and A † .It is our interest to extend this correspondence to a larger set of states. In the matrix model they will be states involving the two matrices (A and B) of a two matrix model. This can be stated as a two matrix problem, with two hermitian matrices M and N in a quadratic potential, i.e., with Hamiltonian
Using creation-annhilation operators for the matrix N ij in a coherent basis, the Hamiltonian takes the form considered in this article:
We consider the action of this hamiltonian on functionals of invariant variables (loops)
where the ψ(k, s = 0, 1, 2, ...) are states with s "B impurities":
...
In terms of the eigenvalues λ i and the angular variables V of the matrix M = V ΛV + , we have
Using the chain rule, we obtain for the matrix M kinetic energy operator on the wave functional:
As it is traditional [38] , we introduce the notation:
ω(k, s) splits the loop ψ(k, s) and Ω(k, s : k ′ , s ′ ) joins the two loops ψ(k, s) and ψ(k ′ , s ′ ). We will find it useful to introduce a density description, or x representation:
Any function of k (or x) transforms accordingly. Namely:
For conjugates, we have
In the density description, the kinetic operator then becomes:
Spectrum and fluctuations in the zero impurity sector
Consider first the analysis for the spectrum of the zero impurity problem. This sector corresponds to the Quantum Mechanics of a single hermitean matrix, and it has by now a standard solution [38] , [39] , [40] , which is briefly reviewed in Appendix B. In this case, one has the standard cubic Hamiltonian
giving the well known Wigner distribution background in the limit as N → ∞
For the small fluctuation spectrum, one shifts the background
to find the quadratic operator
The way to diagonalize is by now well known: one changes to the classical "time of flight" q dx dq
One obtains the equation for a 2d massless boson:
In addition one needs to impose Dirichelet boundary conditions at the classical turning points, for a consistent time evolution of the constraint (53) . Therefore the spectrum in the zero impurity sector is
The following comment is in order: the harmonic oscillator potential is special, in that the effective hamiltonian (8) can be equivalently written as (for discussions on the relationship between the two re-writings in the context of supersymmetric or stochastic stabilizations, see for instance [41] , [42] , [43] , [44] )
It is then seen that the Wigner distribution background also safisfies the well known BIPZ [45] equation
Shifting about the background as above, we obtain for the quadratic hamiltonian
This non-local hamiltonian can be easily shown to be equivalent to (9) . Let us examine this in slightly more detail: by changing to the classical time of flight q, we obtain
The above non local integral operator plays a prominent role in what follows and is discussed in Appendix C. Let us denote it by
and by abuse of language (it does not satisfy a Leibnitz rule) refer to it as the "absolute derivative", for ease of notation. We note that (−i|∂ q |) 2 = ∂ 2 q and that the appropriate eigenfunctions of this operator are φ n = sin(nq) with eigenvalue n as shown in Appendix C. Therefore the eigenfunctions (10) are also the solutions of
Quadratic hamiltonian for states with impurities
We return now to the (pre-hermitean) kinetic energy operator (7) (or (6)). We note that
This observation implies that for the multi-impurity spectrum it is sufficient to consider the zero impurity sector Jacobian already discussed [46] , i.e.,
where, to leading order in
Let us now identify the terms in (7) which determine the quadratic operator in the multi-impurity sector.
We look for terms of the form ψ(
Contributions of this form contained in the first term of (7) result from splittings of the loop ψ(x, s) into a zero impurity loop and another with s impurities. We will denote this amplitude byω(x, s).
Contributions contained in the second term of (7) are obtained as a result of the similarity transformation described above, when we replace ∂/∂ψ(x, 0) → −(1/2)∂/∂ψ(x, 0) ln J. We therefore obtain:
In a problem involving joining and splitting of loop states, the issue of closure of loop space is an important one. The first term in (13) always closes. This is becausē
This result is a straightforward application of a result established in [47] . In the x representation,
Substituting this expression into (13) we obtain
In general, for an arbitrary potential, the last term in (14) involving Ω(x, 0 : y, s) will not close. We will argue in the following that for the harmonic oscillator potential this term closes, by considering explicitely s = 1, 2, 3 and then arguing for the general case.
The one impurity sector
It is straighforward to show that in this case
from which it follows Ω(x, 0; y, 1) = ∂ x ∂ y (ψ(x, 1)δ(x − y)).
The term involving Ω(x, 0 : y, 1) in (14) becomes
where we have used (12) . We observe that this term cancels exactly a similar term in (14) , and we obtain the final form for the quadratic hamiltonian in the 1 impurity sector:
The rescaling (56) leaves the above hamiltonian invariant, or equivalently the above hamiltonian is of order 1 (N 0 ) in N, as was the case in the zero impurity sector. Writing the operator as
,
Acting on a wave functional
we obtain the Marchesini-Onofri kernel [34] , [48] , [49] 
Using (11), the first term yields −f (x), and by changing to the time of flight coordinates the kernel can be written as
or, for the spectrum equation
As described in Appendix C the spectrum and eigenfunctions of this operator are
For the the harmonic oscillator potential, these are the well known Tchebychev polynomials of the second kind. Adding the contribution from the T r(B∂/∂B) term of the Hamiltonian we obtain
The two impurities sector
For two impurities, we have
and Ω(x, 0 :
The Ω(x, 0 : y, 2) term in (14) takes the form
For the harmonic oscillator potential, we can use the result (11), so that
But from (5),
This allows us to express (17) entirely in terms of the density ψ(x, 2) as
As was the case for the one impurity sector, the first term above cancels the similar term in (14), and we obtain for the quadratic hamiltonian in the 2 impurity sector:
This is a shifted Marchesini-Onofri operator. It can be recast in the form:
The spectrum and eigenfunctions of this operator are
Adding the contribution from the T r(B∂/∂B) term of the Hamiltonian we obtain
w n = n ; φ s=2 n = sin(nq) √ 2 sin(q) ; n = 1, 2, ...
Multi-impurity spectrum
The pattern that emerges from the above discussion is clear: for s impurities and the harmonic oscillator potential, one obtains a shifted Marchesini-Onofri operator with spectrum and eigenfunctions
When the contribution from the T r(B∂/∂B) is added, we have for the full hamiltonian
To provide further evidence of this pattern, the 3 impurity case is treated explicitly in Appendix D. We also checked that by introducing multi local densities and then projecting to the 2 and 3 impurity states discussed here, we obtain the spectrum described above. To summarize, as the U(1) charge operatorĴ it is represented bŷ
and consequently j = n − 2s. Together with the energy eigenvalues w = n, these specify a two parameter family of states and a two dimensional complete set of eigenfunctions.
SUGRA Map
In this section we would like to identify the states of Sugra fluctuations and establish a one to one map with the eigenstates of the matrix problem found in the previous section. With the two matrices we hope to explore the extra coordinate which will be related to the radial coordinate of AdS and S. Since the other angular coordinates are ignored, it is sufficient to concentrate on the small fluctuation equations asociated with AdS 3 × S 3 (the analysis for AdS 5 × S 5 reaches an identical conclusion). We have obtained in the matrix model solution a two parameter sequence of states with the eigenvalues J = j and w = j + 2n. It is easy to find a corresponding sequence of states, which have the same eigenvalues. Actually there are two sequences ,one with nontrivial functional dependence in the radial variable of AdS and the other in S. This situation is familiar from giant gravitons. It will be clear that while the integervalued eigenvalues easily agree (between the matrix model and supergravity), the comparison of their wavefunctions is much less trivial and also much more interesting. In Sugra the wavefunctions are given as nontrivial special functions, while in the solution of the matrix eigenvalue problem they take the form of ordinary plane waves . The later obviously happens after the change from eigenvalue coordinate to the "time of flight" coordinate . We will establish a relationship between the two pictures in terms of a kernel describing a (canonical) change of variables.
The LLM kernel
It is useful first to work out the form of the kernel for the case of 1/2 BPS states given by the LLM map. For this one has to consider the LLM construction and perform the small fluctuation analysis . We do this in Appendix A where we also give the details of a transformation to the Lorentz-De Donder gauge. Furthermore, from now on the time of flight q will be denoted by τ .
Let us concentrate on the fluctuations associated with the metric gΩΩ. In the gauge of LLM the perturbation δgΩΩ reads
The relevant gauge transformation can be written in integral form as
Performing the gauge transformation we have
In this form we see the relation
a j e ijτ (24) After performing the field dependent gauge transformation in order to recognize the primary field coming from the metric and the three form one has the relation
where the kernel is given by
At this point we notice that a < 1 at points where the measure of AdS 3 × S 3 is non-zero. At this places we introduce a cut-off L limiting the angular momentum j .We then have the kernel
The kernel with the cutoff is given by
We see that we have a strong convergence
Correspondence with the 2d Black Hole
To proceed with the construction of the kernel in our more general two dimensional case it is also useful to take note of a correspondence with an equivalent problem that was considered in the case of a 2d black hole. We show in what follows that there is a simple connection between "off-shell" black hole wavefunctions and on-shell AdS wavefunctions that we have identified.
The wavefunctions that we consider correspond to highest weight states on SO (4) but with a nontrivial dependence on the radial coordinate of AdS .
We have the following eigenequatin for ψ
with the integration measure
A change to a new function
with the new measure dm = 1 2 sin (2σ) dtdσ leads to the equation
This can be compared with the 2d black hole equation [35] defined as a coset SL (2, R) /U (1). For the case of the Lorentzian black hole they are specified by the eigenvalue equation
and the inner product is defined through the integration measure
We see that the two problems are related,through the following transformation transformations
In ref. [35] a transformation was constructed relating the wavefunctions in the black hole case to those of a c=1 matrix model. The transformation reads
and it involves a nontrivial kernel which specifies a canonical transformation from one problem to another. In the present case we will follow the construction of [35] and construct an analogous kernel which will relate AdS (and S) wavefunctions to those of the matrix eigenvalue problem.
The AdS Kernel
We first give the main formulas defining the AdS kernel. The wavefunctions obey the equations
and have an explicit solution in terms of hypergeometric functions
where
to derive the kernel defined through
Explicitely, the functions involved in the definition of the kernel can be worked out after an introduction of a cut off L for convergence. They take the slightly long forms:
The Sphere Kernel
We now consider the second sequence of wavefunctions,which are characterized by a nontrivial dependence on the radial coordinate of the sphere. The wave equations read
In the coordinate system where the metric is
the normalizable solutions are given by
iω j,n t e ijφ cosh −|j|−2n ρ cos |j| θF 1 + |j| + n, −n; 1; sin 2 θ ω j,n = |j| + 2n (41) We use the integral form of the wavefunctions
where C is the unit circle on the complex plane and we defined
Introducing a cut off on the angular momentum as we had for the LLM case |j| + 2n ≤ L
we rewrite the wavefunction as
(45) The functions F L (w|τ ) and G L (v|σ) specifying the kernel in this case are found to be given by
and
Let us now make the following comment regarding the cutoff that we have used. Since it imposes an upper limit on angular momenta it clearly plays a role of the 'exclusion principle'. Its removal seems to lead to singularities both in the sphere and the AdS case. One should remember then that this analysis is done at the linearized level, so there is no essential difference between the two cases. We can also show that if we restrict our attention to 1/2 BPS wavefunctions (which would correspond to n = 0), the above kernel reduces to the kernel that we have found from the LLM construction.
We notice that the function F L (w|τ ) is analytic in the unit circle C of the z−plane for every value of the remaining variables.
Performing the integral over σ gives
which establishes the result
Conclusion
We have in the present work considered the simple a complex two matrix model with a purpose of developing further its correspondence with AdS eigenstates. We develop a (hybrid) formalism to construct a two dimensional sequence of invariant matrix model eigenstates. Here one of the (matrix) degrees of freedom is treated in a density representation (in a manner analogous to the one matrix collective field theory), while the other is represented in the coherent state picture. This leads to a sequence of (integral) equations which we then solve for the case of the oscillator potential. The two dimensional set of eigenstates extends the one dimensional space representing the eigenstates of free fermions. As such this extension allows a nontrivial probe of one further extra dimension . This as we argue can be mapped into either the radial coordinate of AdS or the radial coordinate of the sphere. The mapping between states of the matrix model and the wavefunctions of SUGRA is one to one. As such it differs from the holographic map where one of the dimensions is projected out. In the present case the map can be described by a (two dimensional) kernel in paralel with similar maps in the case of 2d noncritical string theory. We also note that leg factors of this kind were found in the pp-wave map of [53] .
When applied to a one dimensional subspace of 1/2 BPS wavefunctions our kernel reduces to the (linearized) map of LLM. In the construction of the extended map one seemingly requires a cutoff providing an interesting implementation of the 'exclusion principle'. The understanding of this cutoff is clearly of further interest.
It should be commented that much like in the 1/2 BPS case of free fermions the model considered is that of simple decoupled harmonic oscillators. Yang-Mills type interactions present in the full theory might be of relevance but are not included in our study. For the case of 1/2 BPS correlators there are theorems regarding the absence of coupling constant corrections. It can be hoped that this will persist for the present set of states. Certainly, the effect of coupling constant correction deserves to be investigated (e.g, [54] ). It is also of interest to extend the present map to a still larger set of eigenstates.
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with u (x 1 ,x 2 , 0) being the phase space distribution of the fermions in the matrix model picture. Parametrizing the boundary of the fermi surface using the polar coordinates representatioñ
the phase space density becomes
and after approximating at first order in pertubations p n , q n the distribution becomes.
The field that is produced is given then by u (r, φ, y, t) = u AdS (r, φ, y, t) +ũ (r, φ, y, t) u (r, φ, y, t) = u AdS (r, φ, y, t) − y 
At this point we would like to show that the degrees of freedom q n , p n turn on the chiral primary fields σ I of IIB SUGRA on AdS 5 × S 5 . After performing the field dependent coordinate transformation
the θθ andS 3 components of the first order perturbed metric are scaled by
After this observation we may identify the chiral primary fields
The correctly normalized action for the chiral primaries as given by Seiberg et al. reads
which after performing the spatial integral on AdS 5 gives
and for each n we have a four dimensional phase space. Supersymmetry requires that (∂ t − ∂ φ ) σ = 0 which for our 0 + 1 dimensional variables means that the "angular momentum" is equal to the energy. Choosing an opposite chirality for the fermions we would have had the condition (∂ t + ∂ φ ) σ = 0 which would flip the sign in the relation between energy and "angular momentum".
Appendix B: Hermiticity and the zero impurity sector
The zero impurity sector is the usual single matrix problem for M ij . We are interested in fluctuations about this single matrix background. As is now well known [38] , [39] , [40] , this background is only exhibited as the stationary point of an explicitly hermitean effective potential. We recall the construction of this effective hamiltonian [38] . In order to take into account the non trivial Jacobian J involved in the change from the original variables to loop variables, one needs to implement the similarity transformation (i is a generic loop variable)
The Jacobian satisfies [38] Ω ij ∂ j ln J = ω i − ∂ j Ω ji
The terms of the kinetic energy operator that are sufficient to generate the background and fluctuations are then [50] , [51] ,[52]
In the zero impurity sector, 
which is equation (8) in the main text.
"velocity" πφ 0 (q). We alwyas choose a principal value prescription for poles on the real axis (half of the residue). If there are no other poles, as is the case in general for stabilised potentials, we obtain the result: dy π πφ 0 (y)f n (y) (x − y) = ǫ n f n has solutions f n (x) = sin(nq(x)) πφ 0 = sin(nq(x)) √ 2 sin(q(x)) , x(q) = − √ 2 cos(q), ǫ n = n This follows from the observation that in terms of time of flight coordinates, the above spectrum equation takes the form
Concerning the first term in (58), we have already seen for the main text that it can be obtained straightforwardly from the result (eqn. (11))
This equation is solved by the well known methods of ref. [45] . We point out that first term of (58) can also be obtained in general by considering the integral π −π dq π (πφ 0 (q)) 2 (x(q 0 ) − x(q)) 2 along the contour described above. There is now a contribution from "infinity", and one obtains the result that the above integral equals −1
Appendix D: Three impurities
For three impurities, we have
After some algebra, one obtains
